The main aim of this paper is to propose a new and simple algorithm namely homotopy analysis transform method (HATM), to obtain approximate analytical solutions of integral equations. Integral equation occurs in the mathematical modeling of several models in physics, astrophysics, solid mechanics and applied sciences. The numerical solutions obtained by proposed method indicate that the approach is easy to implement and computationally very attractive. Finally, several numerical examples are given to illustrate the accuracy and stability of this method. Comparison of the approximate solution with the exact solutions also we show that the proposed method is very efficient and computationally attractive. A new efficient approach is proposed to obtain the optimal value of convergence controller parameter ℏ to guarantee the convergence of the obtained series solution.
Introduction
An integral equation is defined as an equation in which the unknown function ) (x y to be determined appear under the integral sign. The subject of integral equations is one of the most useful mathematical tools in both pure and applied mathematics. It has enormous applications in many physical problems. Many initial and boundary value problems associated with ordinary differential equation (ODE) and partial differential equation (PDE) can be transformed into problems of solving some approximate integral equations. Abel's equation is one of the integral equations derived directly from a concrete problem of physics, without passing through a differential equation. This integral equation occurs in the mathematical modeling of several models in physics, astrophysics, solid mechanics and applied sciences. The great mathematician Niels Abel, gave the initiative of integral equations in 1823 in his study of mathematical physics [1] [2] [3] [4] . In 1924, generalized Abel's integral equation on a finite segment was studied by Zeilon [5] . The different types of Abel integral equation in physics have been solved by Pandey et al. [6] , Kumar and Singh [7] , Kumar et al. [8] , Dixit et al. [9] , Yousefi [10] , Khan and Gondal [11] , Li and Zhao [12] by applying various kinds of analytical and numerical methods. The development of science has led to the formation of many physical laws, which, when restated in mathematical form, often appear as differential equations. Engineering problems can be mathematically described by differential equations, and thus differential equations play very important roles in the solution of practical problems. For example, Newton's law, stating that the rate of change of the momentum of a particle is equal to the force acting on it, can be translated into mathematical language as a differential equation. Similarly, problems arising in electric circuits, chemical kinetics, and transfer of heat in a medium can all be represented mathematically as differential equations. The main aim of this article is to present analytical and approximate solution of integral equations by using new mathematical tool like optimal homotopy analysis transform method. The proposed method is coupling of the homotopy analysis method HAM and Laplace transform method. The HAM, first proposed in 1992 by Liao, has been successfully applied to solve many problems in physics and science [13] [14] [15] [16] [17] [18] . In recent years many authors have paid attention to study the solutions of linear and nonlinear partial differential equations by using various methods combined with the Laplace transform [19] [20] [21] [22] [23] [24] [25] [26] [27] . A typical form of an integral equation in ) (x y is of the form: and  is a constant parameter. The prime objective of this text is to determine the unknown function ) (x y that will satisfy equation (1.1) using a number of solution techniques. We shall devote considerable efforts in exploring these methods to find solutions of the unknown function.
Preliminaries and notations
In order to elucidate the solution procedure of the optimal homotopy analysis transform method,We consider the following integral equations of second kind:
Now operating the Laplce transform on both side in Eq. (2.2) we get x and q . By means of generalizing the traditional homotopy methods, the great mathematician Liao [13] [14] constract the zero order deformation equation
where is a nonzero auxiliary parameter,   0 when M   we get an accurate approximation of the original Eq (2.2).
Yabushita et. al [28] and Mohamed S. Mohamed et. al [29] [30] [31] applied the homotopy analysis method to nonlinear ODE's and suggested the so called optimization method to find out the optimal convergence control parameters by minimum of the square residual error integrated in the whole region having physical meaning. Their approach is based on the square residual error. Let 
Taking Laplace transform of equation (3.18) both of sides subject to the initial condition, we get
We now define the nonlinear operator as 
Taking inverse Laplace transform of Eq. (3.24), we get
) , The above result is in complete agreement with [32] . Fig. 3 , which shows that the solution series is convergent when Fig. 1 to Fig. 3 [32] . We now define the nonlinear operator as: 
shows the graphical comperison between the exact solution and the approximate solution obtained by the OHATM. It can be seen that the solution obtained by the present method nearly identical to the exat solution. The above result is in complete agreement with
and then the mth-order deformation equation is given by The above result is in complete agreement with [33] . 
Conclusion
The main aim of this work is to provide the series solution of the integral equation by using the new optimal homotopy analysis transform method (OHATM). Homotopy analysis transform method is coupling of homotopy analysis and Laplace transforms method. The new modification is a powerful tool to search for solutions of integral equation. An excellent agreement is achieved. The proposed method is employed without using linearization, discretization or transformation. It may be concluded that the OHATM is very powerful and efficient in finding the analytical solutions for a wide class of differential and integral equation. The results show that the method is powerful and efficient techniques in finding exact and approximate solutions for integral equations and also, the results show that the OHATM can be a reasonable method to solve this type of integral equations. Also, this method uses simple computation with acceptable solution.
